Abstract-In order to reduce the inter-carrier interference (ICI) produced by frequency offset in OFDM systems, we set up an optimization problem to find the transmission pulse which maximizes the signal-to-average-ICI power ratio. Furthermore, by solving a constrained convex optimization problem, our pulses can satisfy various decay requirements, for instance with respect to a prescribed spectral mask. The latter is an important feature in order to comply with industry standard specifications. Furthermore we discuss issues concerning the numerical treatment of the constrained convex optimization problem. Simulation results show that our pulses outperform many currently known transmission pulses with respect to the ICI criterion.
I. INTRODUCTION
O FDM has attracted considerable attention in recent years due to its desirable properties such as its high data rate transmission capability, as well as its robustness to multipath delay spread. On the other hand, OFDM is sensitive to carrier frequency offset, caused by misalignment in carrier frequencies or Doppler shift. This can produce ICI and thus can degrade the overall performance [1] .
Many OFDM pulses were designed recently to reduce the ICI effect. Generalized raised-cosine (RC) pulses were proposed in [2] . In [3] , the so-called "better than raised cosine" (BTRC) pulse was presented which outperforms the raisedcosine pulse in terms of sensitivity to timing errors. In [4] , a family of intersymbol-interference-free polynomial pulses (POLY) was designed, whose Fourier transform can provide an asymptotic decay rate of the order ω −k for any integer k, and which show smaller ICI when compared with the aforementioned pulses [5] . A different approach to OFDM pulse shape design, based on time-frequency analysis, can be found in [6] , [7] , [8] .
Our goal in this paper is twofold. Firstly, we want to design OFDM pulses that improve upon existing OFDM pulses with respect to ICI robustness. Secondly, we want to design the pulses such that they also satisfy prescribed spectral decay requirements such as dictated by, e.g., certain IEEE 802-standard specifications. This additional aspect is very important in practice. Hence, unlike the aforementioned methods which construct "nice" time-limited pulses directly, in this paper we propose a pulse design method which maximizes the total signal-to-average-ICI power ratio (SIR) with respect to user-defined spectral decay conditions by solving a constrained convex optimization problem. By doing so we obtain an OFDM pulse that achieves the largest SIR -which in turn leads to the smallest ICI effect -under the given spectral decay requirements. We also provide some details concerning the appropriate numerical formulation of the constrained convex optimization problem.
II. PROBLEM DESCRIPTION
We assume that the reader is familiar with the basics of OFDM (cf. e.g. [1] ) and present only those details necessary to clarify notation and to formulate the problem under consideration. We follow mainly the setup and notation in [3] .
The OFDM transmission signal at time t is given by
where i = √ −1, f c is the carrier frequency, N is the number of subcarriers, a k is an OFDM constellation point, f k is the subcarrier frequency of the k-th subcarrier and p(t) is the time limited pulse which we need to design. Furthermore, we assume that a k is an i.i.d. random variable with mean zero and variance
N0
2 . We also have
to ensure subcarrier orthogonality, which is
for k, m = 0, 1, . . . , N − 1, where 1 T is the subcarrier spacing, and T is the symbol period. In the presence of frequency offset Δf between receiver and transmitter, after multiplication by e −i2π(fc−Δf )t , the received signal is
We obtain the decision variable for the m-th subcarrier
where P (w) is the Fourier Transform of p(t) and the second term in the right hand side is ICI produced by frequency offset. After taking expectation, we get the average ICI power for the m-th subcarrier
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Since the definitions in (6) and (7) depend on the index m, we define the total average ICI power (TICI) for a pulse in an N -subcarrier OFDM system as
and the total average signal power to average ICI power (TSIR) for a pulse in an N-subcarrier OFDM system as
which is independent of index m. For a OFDM system with N subcarriers,δ m ICI changes with index m while TICI is fixed, which can reflect the ICI power of the whole OFDM symbol rather than subcarrier by subcarrier. We know that large TICI (or small TSIR respectively) implies high distortion in OFDM systems. Thus in the next section, we will minimize TICI to achieve an optimal time limited pulse which satisfies (3).
III. OFDM PULSE DESIGN VIA CONSTRAINED

OPTIMIZATION
Consider a time limited pulse p which satisfies (3) with p(t) = 0 when |t| ≥
], from Fourier analysis [9] , such a function can be expressed as
].
(10) Thus the Fourier Transform of p is given by
We note that a time-limited pulse (intersymbol-interferencefree or not) can at best have an asymptotic decay rate in the Fourier domain of the order e −|ω| α with α < 1, this follows from [10] .
Without loss of generality we let T = 1 in the rest of the paper. Using Taylor expansion, we have
For small |Δf | the dominant part of TICI is the first term. Hence instead of maximizing TICI directly, we try to maximize the dominant term, which leads to the problem of minimizing . Then from (11) we have
where we have introduced the vector c(j) = c j for j ∈ Z, the matrix
, we can represent the optimization problem as follows:
Here . 2 denotes, as usual, the Euclidean norm. In applications the spectrum of the OFDM signal typically has to satisfy some specific decay requirements (a spectral mask) in order to avoid interference with other users operating in adjacent frequency bands. Often these decay requirements are enforced by an appropriate filtering of the continuous-time OFDM signal before transmission. Unfortunately this filtering can cause a loss of orthogonality of the subcarriers and thus lead to ICI. To avoid this unpleasant effect we can a priori design the OFDM pulse such that it satisfies a prescribed spectral mask. We can write these frequency decay requirements for the pulse P (w) as |P (w)| ≤ S(w), where S is a non-negative unimodal function representing some spectral mask. Taking into account this spectral decay constraint we arrive at the following constrained optimization problem:
It is straightforward to see that ψ(c) = DBc 2 2 is a convex function [11] and that the domain {c|Ac = b, |P c (w)| ≤ S(w)} is a convex set. For the latter claim, we let Γ = {c|Ac = b, |P c (w)| ≤ S(w)}, and c 1 , c 2 ∈ Γ. For any δ ∈ (0, 1), we consider vector c 3 
Thus we have c 3 ∈ Γ, which shows the claim. Therefore we can find the global minimum by solving this convex optimization problem (14).
Since (14) describes an infinite dimensional optimization problem, it is not directly accessible to a numerical solution. Hence in the next section we will propose an approach how to solve (14) numerically.
IV. NUMERICAL SOLUTION OF PULSE OPTIMIZATION
PROBLEM
In order to solve (14) numerically, we need to deal with a finite model. Therefore we first introduce the truncated pulse
Furthermore, we introduce the corresponding vector c (n) , the (2N − 1) × (2n + 1) matrices B (n) and A (n) , where (N − 1) , . . . , N − 1. Hence the optimization problem becomes:
It is easy to see that a necessary condition to satisfy
In fact, we may have to let n be quite larger than N − 1 in order to satisfy both A (n) c (n) = b and |P n (w)| ≤ S(w), which can increase the computational costs dramatically. On the other hand, considering (11) and the constraint in (16) we know |c j | ≤ S( j 1+α ) which goes to zeros very fast especially for pulses whose Fourier transform decays fast. This observation suggests that a smaller n might suffice to achieve an accurate result.
Suppose the pulse H(w) satisfies |H(w)| ≤ S(w) but does not satisfy (3) . In this case we can make a re-correction process and let
where the function Q satisfies
Literature offers many choices for Q, such as the rectangular pulse, a raised cosine pulse and other Nyquist pulses. Thus H 1 (w) is the new pulse which satisfies (3). This observation is the motivation to set up the truncated optimization problem by pursuing a pulse with expression:
. Hence, by construction for any n, P n (w) satisfies (3). Then the TICI of pulse P n (w) is
Therefore, the truncated optimization problem becomes
where P n is given in (19). In problems (21) and (19) n can be any positive integer and Q is as described above.
It remains to clarify the relation between the solution of the infinite-dimensional optimization problem (14) and
Lemma 4.1: If S 1 (w) and S 2 (w) are two different constraints in (21), S 1 (w) ≤ S 2 (w) holds for all w, then the minimum value of (21) with constraint S 1 (w) is no less than the minimum value of (21) with constraint S 2 (w).
Proof: Suppose the solution for (21) with constraint S 1 (w) is c 1 and the minimum value is β, the corresponding pulse P c1 satisfies |P c1 (w)| ≤ S 1 (w) ≤ S 2 (w), which means c 1 is in the feasibility region of problem (21) with constraint S 2 , and the minimum value of (21) with constraint S 2 (w) is less than or equal to β. The following observation is obvious.
Lemma 4.2:
In the optimization problem (16), when n increases, the minimum value of (16) decreases.
Lemma 4.3:
If S(w) ∈ L 2 (R) and optimization problem (14) has a solution, then when n goes to ∞, the minimum value of problem (16) has a limit which is bounded by the minimum value of problem (14).
Proof: By Lemma 4.2, when n increase, the corresponding minimum value of problem (16) is a decreasing sequence. For any fixed n, the minimum value of (16) is no less than the minimum value of problem (14). Thus we have the above result. Based on these findings we finally arrive at the following result:
R) and optimization problem (14) has a solution, when n goes to ∞, the minimum value of problem (21) has a limit which is bounded by the minimum value of problem (14).
Proof: When n increases, the feasibility region of problem (21) increases, thus the minimum value of problem (21) decreases. Since the pulse in problem (21) satisfies (3) and the constraint |P n (w)| ≤ S(w), and its inverse Fourier transform is a time limited function in domain [
], the corresponding coefficient of pulse P n (w) is inside the feasibility region of problem (14). Therefore the minimum value of problem (21) is no less than the minimum value of problem (14), which proves the theorem.
Usually, we can get a very good result by solving (21) even when n is small. In the next section, we will show the simulations results when Q(w) is the raised cosine pulse.
V. SIMULATIONS AND COMPARISONS
In this section, we compare our optimal pulses with the RC pulse, the BTRC pulse and the POLY pulse. These pulses have different spectral decays. Thus in order to make the comparisons fair, we should use different decay requirements when comparing with different pulses. To make this precise, we give the following definitions, which will be used to characterize the spectral decay of the various OFDM pulses.
Definition 5.1: For a given pulse P (w), if the function S(ω) is unimodal and satisfies |P (w)| ≤ S(w), we say that S(ω) is an upper bound for the pulse P (w).
In this paper, we are interested in two kinds of upper bounds of a pulse, which appear most often in practice to describe spectral masks: (i) a piecewise step function, and (ii) a piecewise log-linear function (i.e., the logarithm of this function is a piecewise linear function). S(w)dw in all these PSUB functions, we say S(w) is the minimum piecewise step upper bound (MPSUB). Analogously we define the minimum piecewise log-linear upper bound (MPLLUB). We know from the definitions above that for a given pulse the MPSUB (or MPLLUB) is unique, which clearly reflects the pulse decay. Suppose S p (w) is the MPSUB of the pulse P (w) defined on Γ = {. . . , w −2 , w −1 , 0, w 1 , w 2 , . . . }. We use the function S as the constraint in optimization problem (21) when we compare this pulse with our optimal pulse, where
Thus for the RC, BTRC and POLY pulses, we solve (21) by using the corresponding MPSUB and get our optimal pulses which are labeled OP RC , OP BTRC and OP POLY respectively. The following three pictures show the TICI performance for the above pulses for a 128-subcarrier OFDM system (the lines for OP BTRC and OP POLY are too close to distinguish in Fig. 3 ).
We solve (21) by using a sequential quadratic programming (SQP) method [12] which can be implemented by the Matlab function f minimax. We set n = 45 in (21). Fig. 1 shows the numerical results when α = 0.5. In this case, at frequency offset 0.05, the corresponding optimal pulses can improve the TICI by 2.4 dB for the RC pulse, by 1.3 dB for the BTRC pulse and by 0.2 dB for the POLY pulse. For the comparison with the POLY pulse, we use the same parameters as in [4] (i.e., {a 2 = 39, a 3 = −99, a 4 = 85}). In the case of the POLY pulse we see almost no improvement, the reason is that the POLY pulse has already been designed to be optimal with respect to the corresponding asymptotic decay rate. For the same α, we have almost the same improvement for the TSIR criterion.
From the numerical results we find that our optimal pulses have smaller TICI and higher TSIR than the other pulses when the roll-off factor α < 0.9, independent of the frequency offset. We note from the standards 802.16, 802.11 and IS-54 that in practice one usually chooses α ≤ 0.5. Let us nevertheless briefly consider what happens when α ≈ 1. In this case our optimal pulses have slightly bigger TICI and smaller TSIR than BTRC and POLY pulse when Δf T is large, while when Δf T < 0.15 the TICI of our optimal pulses is much smaller than the TICI of other pulses. When α = 1, as shown in Fig. 3 , the corresponding optimal pulses achieve 13.7 dB, 8.7 dB and 5.1 dB improvement for the RC pulse, BTRC pulse and POLY pulse (using the recommended parameters in [4] ) respectively at frequency offset 0.05. The different behavior with respect to Δf T is not astonishing, since we initially have set up our optimization problem under the assumption that Δf T is small.
From Lemma 4.1 we know that for a given pulse we can always find another pulse with smaller TICI, but which has slower decay. Thus it is not surprising that the BTRC pulse and the POLY pulse have smaller TICI than the RC pulse, but this improvement comes at the cost of having a decay rate of only O( have slower spectral decay than the raised cosine-may give rise to OFDM signals that do not meet those requirements. It is therefore desirable to be able to construct OFDM pulses that are guaranteed to meet decay requirements specified by some prescribed spectral mask. The optimization problem in (14) (and its finite counterparts) includes such constraints.
In the following, we consider some typical examples for such spectral decay conditions. For purposes of reproducibility of research we give a detailed description of the decay requirements that we use (the reader who is not interested in these details may skip the following lines and just look at the spectral masks displayed in Fig. 4 and Fig. 5 ). We define
where S p (w) is the MPSUB or MPLLUB of the RC pulse. Using the roll off factor α = 0.5 and β = 4, we first let S p (w) be the MPSUB of the RC pulse. The numerical results are shown in Fig. 4 . In this case, at frequency offset 0.05, our pulse achieves 3.25 dB improvement in TICI when compared with RC pulse. Then we let S p (w) be the MPLLUB of the RC pulse, the corresponding optimal pulse can achieve 3.7 dB improvement in TICI when compared with the RC pulse. The numerical results are shown in Fig. 5 . These significant improvements are made possible by optimally adapting the OFDM pulse to the prescribed spectral mask, while at the same time minimizing TICI.
In Table I , we compare the BER in the presence of time sampling errors computed according to [13] . For different roll-off factor α, the optimal pulses have smaller BER than RC and BTRC pulses. The optimal pulses have smaller BER than POLY pulses at small time sampling errors, when the time sampling errors are large, the optimal pulses have a slightly larger BER since we set up the optimization problem by assuming the time sampling errors are small. Fig. 6 shows the figures of the associated time domain optimal pulses.
VI. CONCLUSION
With increasing bandwidth and mobility wireless communication systems employing OFDM become increasingly sensible to Doppler effect and carrier frequency offset. It is thus important to have a flexible framework at our disposal for the design of OFDM pulse shapes which can mitigate ICI. We have introduced a constrained optimization approach which yields OFDM pulses that outperform existing OFDM pulses with respect to ICI, and at the same time satisfy specific spectral mask requirements.
